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Deutsch’s Problem
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Is f(0)=f(1)?

Classically:
Quantum:
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Grover’s Problem v

£(0) f(1) £(2) f(3) | *** | f(N-1)

[oft]ofofs]ofofofof1]o]0]
0 N-1

Input: f:{0,1,2,...,N-1}—{0,1}
Problem: Find integer i such that f(i)=1

You can ask questions of the form: “What is f(j)?”
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“What is f(j)?”
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Remember the input v
“What is f(j)?” Remember the input:
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Reversible

“What is f(j)?”
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M B
uer
b Y| berg)

be {0,1}

Remember the input:

. —1
J— Query )
—f@)
00 =0
0d1=1
@0 =1
1®1=0

A\ 4




Unitary query v
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1 query = 1 unit cost
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Unitary query v
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“Apply function f in superposition”
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Deutsch’s Problem in 1 query ¥

Classical:
«‘ Preproc. H 1 query HPostproc.}»
Quantum:
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Deutsch’s Problem in 1 query ¥
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Deutsch’s Problem in 1 query ¥
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1-query algorithms v
Classical:
«‘ Preproc. H 1 query HPostproc.}»
Quantum:
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Unitary operators

Unitary = linear, reversible, and preserves probabilities

Unitary operators 9
Hadamard: |0)ﬁ(|0)+|1)) % 11
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Not-gate: IO) 11) 01

11) —{x]- 10) 10
Phase-gate: |0) |0} 10
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Unitary operators v
Definition: a1
Unitary = 11+1:(-1)=0 V2|4 4
columns ortho-normal
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UnitaryE 01+10=0 10
orthogonal states

are mapped to 10

orthogonal states 1:0+0:(-1)=0 0 -1
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1-out-of-4 in 1 query? v
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Where is the hidden 17




1-out-of-4 in 1 query!
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These four states are mutually orthogonal!
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Not possible in 1 query!
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NOT possible:
1) These 3 states are mutually orthogonal
2) lal2 + B2 + IyI2 =1
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These 3 in 1 query? v
0 1 1
f(0) f(1) f(2)
f=001 or
f=011 or
f=111
1-query algorithms exist? @

v Deutsch’s Problem
fe{00,11} or fe{01,10}

v 1-out-of-4
Which input: 0001, 0010, 0100, or 1000?

x Sorted inputs
Which input: 001, 011, or 111?

The query model

Classical:

«‘ Preproc. H 1 query HPostproc.}»

Quantum:
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Many queries:
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Highlights
Deutsch: f(0) = f(1)?




Hadamard gate
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Simon’s problem for 7 ¥ Simon’s algorithm v
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Given:  f:{0,1}n—A 2 (1™ + 3 (1)
Promise: fis 2-to-1 - 2 (-1)X (14(-1)r*s) |r)
Ise{0,1}": f(x)=f(x®s) for all x Ise{ 0= f(x)=f(x®s) for all x

Problem: find s 24, random r such that r-s=0 o

Simon’s algorithm v Simon’s theorem v

Goal: Find hidden s€{0,1}"
Routine produces: Theorem:
a random r such that r-s=0 Using 3n queries, we can find

the hidden s with error < 1/2n,
Eg.n=5:
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Highlights v

Deutsch: f(0) = f(1)?

Simon: f(x) = f(x®s)
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Frequency analysis
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Discrete fourier transforms <
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Period s Frequency 1/s

(and higher orders)

Roots of unity

X2=1 & Xe{+1,-1}
X4=1 & Xe{+1,.,-1,-.}

X8=1 &

Def: nth principal root is w, = exp(2m/n)

Xe{w w!,w?,w3,n*,ws,ws,w’}

where 0 = wg = exp(2TL/8)

Rotating vector v
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Rotating vector
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Rotating vector v
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Fourier transform v
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+ Computable in time O(log2 M)




Computable in O(log2 M) @
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Computable in O(log2 M) @
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T(M) = T(M/2) +logM = T(M) = log?M

Simon’s Problem for Zvw

Given: function f: ZMa A (Arbitrary set)
Promise: with period s: f(x)=f(x+s)=f(x+2s)=...
f is unique within each period

s is a divisor of M
Goal: find s

Example of f with M=15 and period s = 5:

0 14
[20]17] 3 [10] 9 f20]17][3]10] 9 [20]17][3 [10] 9|

This problem is a simplification of Shor's quantum
algorithm for Integer Factorization

Quantum algorithm v
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Theorem: Yy €angom {0, M/s, 2M/s, ..., (s-1)M/s}
Corollary: We can find period s using only 10 queries

- Repeat 10 times. Obtain yy, Y5 ..., Y10-

- Compute d = GCD(Yy, Y2 ;s Y10)-
Then with high prob., d = M/s.

- Output M/d.
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Simon’s Problem for Zu

Given: function f: ZMa A (Arbitrary set)
Promise: with period s: f(x)=f(x+s)=f(x+2s)=...
f is unique within each period

s is a divisor of M
Goal: find s

Theorem: We can find s with only 10 queries to f,
with probability at least 2/3.

Example of f with M=15 and period s = 5:

0 14
[20]17] 3 ]10] 9 f20]17][3]10] 9 [20]17][3 [10] 9]

Highlights A 4
Fu= 3,520 0 11

Deutsch: f(0) = f(1)?
Simon: f(x) = f(x®s)
Shor-like: f(x) = f(x+s) = f(x+2s)=...

’Very fast quantum algorithms = finding periodicities‘




